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Abstract 

Let "g^ (respectively, 0^(/i)) be the graded multi-loop Lie algebra (respectively graded 
twisted multi-loop Lie algebra)" associated with the simple finite dimensional Lie alge- 
bra g over C. In this paper, we prove that irreducible integrable g^ (//)-modules with 
finite dimensional weight spaces are either highest weight modules or their duals and 
classify the isomorphism classes of irreducible integrable g^-modules and g^ (/u)-modules 
with finite dimensional weight spaces. 
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INTRODUCTION 



Let g be a finite dimensional simple Lie algebra over C. Let A = C[tf \ ■ ■ ■ , t^^] be the rine; 
of Laurent polynomials in n commuting variables ti, ^2, ■ " " ? ^n- Let fii, fi2, - ■ ■ , /i„ be a set of 
pairwise commuting finite order automorphism of g such that /i^' = Idg for each i. As defined 
in (Allison, et.all,to appear), a multi-loop Lie algebra M(g; /ii, ■ ■ ■ , fin) is given by 

M(0;/.„---,/x„)= Yl 0^'"^'-''"^®ti^---<" (0.1) 
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where g(^i'" '^") = {x g g | /ijX = e^.x for 1 < i < n}. Let D be the complex hnear span of 
the derivations {di, ■ ■ ■ , dn} of A. A graded multi-loop Lie algebra is defined by 

Let g^= M(g; Z(ig, ■ ■ ■ , i(ig) and 0^(/i)= M(0; /i, idg, ■ ■ ■ , idg). The universal central extension 
of is called a toroidal Lie algebra. Integrable irreducible representations for the multi-loop 
Lie algebras and the toroidal Lie algebras have been studied at length in (Batra, 2004; Rao, 
1995; Rao, 2001; Rao, 2004). 

The aim of this paper is to classify the isomorphism classes of the irreducible integrable 
modules with finite dimensional weight spaces for the graded multi-loop Lie algebras 

0.4 =0.4 ®D; Q^{fi)=QM ®D. 

This classification has been given in Theorem 3.8 for g^-modules and Theorem 4.7 for 04(/i)- 
modules. This paper is organized as follows. 

Section 1 reviews known facts about the multi-loop Lie algebras g^ ,g^(/i)and the graded 
multi-loop Lie algebras g^ ,g^(/i). Let Ifm and I^-^ be the categories of integrable modules 
with finite dimensional weight spaces for g^ and 0^(/i) respectively. It had been proved in 
(Rao, 2001) that irreducible g^ modules in J/j„ are highest weight modules or their duals. In 
Section 2, we show that irreducible 0^(/u) modules in I^-^ are either highest weight modules or 
their duals. After recalling the definitions of graded and non-graded highest weight modules 
in the generality of multi-loop Lie algebras from (Rao, 2004), the one-one correspondence 
between them is used in Proposition l2.12l to prove that every irreducible highest weight module 
in Ij-^ is a 0^(/i) submodule of some irreducible highest weight module in I fin . 

It had been proved in (Rao, 2004), that an irreducible highest weight g^ module in I fin is 
of the form "V(?/'(A,a))" , where 'ip{\,a)'-^{i)A) — > ^ is an algebra homomorphism as defined in 
13. li In Section [31 we analyse the map "'?/'(A,a)" and study its effect on 'V{4'(\,a)) in Theorem 
13. 4n . Then using Theorem 13. 4[ we classify the isomorphism classes of irreducible modules in 
Ifin . In Section HI using Proposition 12.121 and the general form "V(^/'(A,a))" of irreducible 

part of this theorem had been proved in (Yoon, 2002), but the proof here is more elementary. 
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integrable highest weight modules, we give the general form for irreducible integrable 
highest weight 0^ (/i)-modules and classify the isomorphism classes of irreducible modules in 
Jj.„ . Further it is shown that an irreducible module V('?/'(A,a))G I fin is completely reducible 
as a g^ (/i)-module if either the corresponding finite dimensional g^ module is irreducible as a 
0^ (/i)-module or if Image ip(x,a) = A. 

The result on the unique factorization of tensor product of irreducible finite dimensional 
representations of g, as proved in (Rajan, 2004), considerably simplifies the proofs of the 
main theorems. Theorem 13.81 and Theorem 14. 8[ wherein the isomorphism classes of irreducible 
modules in and Ij^^ have been classified. 

Notation : In the present paper all Lie algebras are defined over the complex field C 
The superscript * stands for dual space, U(-) stands for the universal enveloping algebra. 
Zi+ := G Z I n > 0}. For any integer n, /„ denotes the set {1, ■ ■ ■ ,n}. We use underlined 
letters m to denote a n-tuple of integers (mi, 1712, . . . , m„) and in particular for every 1 < i < n, 
Cj denotes the n-tuple (0, ■ ■ ■ ■ ■ ■ , 0) G Z" with 1 is in the i*^ place and zero elsewhere. 

Given an integer p, pm denotes the n-tuple {pmi,pm2, . . . ,pmn). 
1 PRELIMINARIES 

1.1. Let be a complex finite dimensional simple Lie algebra of rank d, i) a. Cartan subalgebra 
of g and A the set of roots of g with respect to [). Let vr = { ai, 0^2, . . . , } be a set of 
simple roots. Let A+ (respectively, A_) be the set of positive (respectively, negative) roots 
with respect to n. g has a standard decomposition given by: 

= n+ © [) © n", where = ®aeA±da, 

and 0a is the root space corresponding to the root a G A. For each a G A, there exists 
^ d±Q such that [x'^,x~]=a'^ and [a"^, x^]=±2x^. 

k-l 

Let /X be a fc-order diagram automorphism of 0. Then = © 0i, where for i G Z/A;Z, 

i=0 

0i = {X G I yu(X) = e*X}, e is a primitive /c*^ root of unity and f)j = 0i fl f). It has been 
shown in (Kac, 1990, Proposition 8.3), that the fi fixed point subalgebra 0o of is a simple 
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Lie algebra with Cartan subalgebra f)o and Chevalley generators xf, i E I, where I is a finite 
set and Qi is an irreducible Qq module with lowest weight and weight vectors £'0 G (0i)-eo 
and Fq e (01)^0 ■ Let Aq be the root system of 0o-Then Aq = (Aq)'' U (Aq)^, where (Aq)^ and 
(Ao)'' denote the set of long and short roots of go as given in (Kac, 1990, Chapter 7). 

Let A— C[t^^ , . . . , t^^] be the ring of Laurent polynomials in n commuting variables 
ti, - ■ ■ , tn- For m = (mi, m2, . . . , rUn) G Z", we denote f^^f^"^ . . . t™" by t—. For a vector 
space V over C, let := V(8)c>l and let v{m) = v <Si t— ior v E Y. Via the injective map 
V I— > v (g) 1 we identify V®! with the vector space V. 

Let Qa = 0®c multi-loop algebra of g with Lie bracket given by 

[X{m),Y{n)] = [X,Y]{m + n), for X, y e fl, m, n e Z". (LI) 

Let D be the linear span of the derivations rfi, ^2, . . . , (i„ of Aover C defined by di(t—) = rriit— 
for 1 < i < n and m G Z". Denote by ®D the graded multi-loop Lie algebra of 0, in 

which [dj, X{rn)\— miX{rn) for all m e Z" and I < i < n. has a decomposition given by : 

0A =n+®i)A® where i)^ = i)^ © D. 

Given a diagram automorphism jj, oi a. simple Lie algebra q, it can be extended to an 
automorphism of as follows : 

fx{X{m)) = i/x(X)(m), //(d,) = d,, V i = 1, • • • , n. 

The fixed point subalgebra 0^(/u) = {X G 0^ \fJ'{X) = X} of is called the twisted multi- 
loop Lie algebra of g (see Batra, 2004) and g^(/i)= g^(/u) (BD is the graded twisted multi-loop 
algebra. For a subalgebra of g, let a(/x) = {X G o | IJ>{X) = X}. Then g^(/x) has a 
decomposition given by : 

Qa(i^) = © ^a(/^) © where ^^(^i) = t)M © ^■ 

Define elements Si E (i) + D)* by = 0, Si{dj) = Sij for i,j G {1,2, .. . The space [)* 
(resp. [)q ) is identified with a subspace of (I) + D)* (resp. ([)o + -D)*) by setting X{di) — for 
A G ()* (resp. {)o). For m = (mi, m2, . . . , m„) G Z", define 5^ = X]"^^ rriiSi. 
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1.2. Let A be the set of roots for {q^, I) ) with the standard base tt and A'* be the set of 
roots for f)o) with the standard base n^. Let W(0^) and W(0^(//)) denote the Weyl 
groups of and (//) respectively. 7 e A (respectively 7 e A'^) is called a real root if 7 is 
W(0^)-conjugate to tt (respectively, W(0^(/i))-conjugate to tt'*). We shall denote the set of 
real roots of A (respectively A'^) by Aj-e (respectively A^^) and Aj^ = A \ A^e (respectively 
Af^ = A'* \ A(4) shall denote the set of imaginary roots of 0^ (respectively (//)). 

The root space corresponding to a root a of g^(resp. of is denoted by (0^)a (resp. 

For a e A^e, dime (0^)a=l (resp. for a e A(fg, dime (0^(/x))a=l ). 

1.3. From the theory of finite dimensional simple Lie algebras over C we know that given a 
root a G A, there exists G Q±a and G f) such that S„ = C-span {x^, a^} is isomorphic 
to s/2- It has been shown in (Rao, 2004), that for such a choice of elements {x^, a^} in q, the 
C-span of {x'^{m),x~{—'m), a^} forms a copy of s/2 in 0^ for all m G Z". 

2 INTEGRABLE IRREDUCIBLE REPRESENTATIONS OF AND g^(/x) 
WITH FINITE DIMENSIONAL WEIGHT SPACES 

Definition 2.1. A g^-module V (resp. gi^ (/x)-module V^i^^ ) is said to be integrable if 

(1) . V is a weight module with respect to f) = l)©/? (resp. V^^^ is a weight module 
with respect to ()o = {)o © -D ), 

(resp.V('^)= vl^^). 

(2) . For every w G V and a G A^-g (resp. a G Aff^ ), 3 a positive integer N = 
N(q;,v) such that X^.v = for all G (g^ (resp. G (0^(Ai))a)- 

Let I fin (resp. Jjj^ ) be the category of of integrable g^-modules (resp. g^(/x) -modules) 
with finite dimensional weight spaces. 

Proposition 2.2. : If V is an integrable irreducible module with finite dimensional weight 
spaces for the Lie algebra 0^or 0^(/^), then there exists a non-zero weight vector v G V such 
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that 

n^v = 0, (rcsp.n^(/i)t' = 0), 
or Yi^v — 0. (resp. n^(/x)v — 0). 

Proof. The proposition was proved for irreducible 0^-modules V e I fin in (Rao, 2001, Propo- 
sition 3.2). If V e If-^ is irreducible, then the proof follows from (Chari and Pressley, 1988, 
Proposition 3.5). ■ 

Definition 2.3. (Rao, 2004). A g^-module V, is called graded (resp. non-graded) highest 
weight module for 0^(resp. q^) if there exist a weight vector v eV with respect to f)©D(resp. 
[)) such that 

(1) . V = U{5, ).v, (resp. V=lJiQ,).v). 

(2) . n-^.v = 0. 

(3) . U{i)^).v is an irreducible module for {resp. hv = '^{h)v V /i G f)^ , for e (f)^)*). 

2.4. Let t/j : [/(f)^)— > A be a Z'^-graded algebra homomorphism. Then A is a module for 
U{1)a) via '0 defined as: 

ht^ = ilj{h)t^, hei). 

Let — Image of ■0. If is an irreducible module, let act trivially on A^. Consider 
the following induced g^-module M{t/j) — U{q^ ) A^, where B = n+ © As shown in 
(Rao, 2001, Proposition 1.4), M{'ip) has a unique irreducible quotient V{tlj). 

The following criteria for irreducibihty of as a ^^-module had been proved in Rao, 1995: 

Lemma 2.5. (Rao, 1995, Lemma 1.2) A^ is an irreducible ^^-module if and only if each 
non-zero homogeneous element of A^ is invertible. 

Let \E' G ([)a)* and let f)A act on the one dimensional vector space C(^') by Let act 
trivially on C(^). Consider the following induced g^-module M(\E') = U{q^ ) (8)bC(^), where 
B = n+ © f)^ . Then M(^) has a unique irreducible quotient ^(^). 
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With ijj as above, let — £ ■ ijj : ^ C, where C is the evaluation map defined 

by £{t—) — 1. V{^) — V{£ ■ ■0) can be made into a (graded) 0^-module by 

g{rn).v{r) = {g{m-v)){'m + r), for g E Q,rn,rE Z'^,v E V^'if), 
diiv{r)) = riv{r), for r G Z", v G V{'^), I < i < n, 

hv{r) = {hv){r), for /i G f),r G Z",v G ^(*). 

Proposition 2.6 (Proposition 3. 5, Rao, 2004). Let t/j and £^ • be as above. Assume that 
is an irreducible ^^module. Let G be the set of coset representatives for A/A^. If i> be a 
highest weight vector of V{£ ■ ■0), then: 

(1) . V{S • ^) ® >1 = U{g^ )v{m) as g^modules. 

meG 

(2) . For each meG, U{q^ )v{m) is an irreducible g^module. 

(3) . \J{q^)v{0) ^ Vii/j) as g^module. 

Lemma 2.7. Let V G I fin be an irreducible highest weight g^-module such that 

h.v = '^{h)v, V /i G J)^, 

where v is the highest weight vector of V and ^ G (f)^)*- Then V is isomorphic to a finite 
dimensional Q module and ^|f, is a dominant integral weight of Q. 

Proof. Follows from (Rao, 2004, Lemma 3.6 and Proposition 3.20). ■ 

We now discuss the corresponding notions for the 0^(/x) and 0^(/i)-modules. 

Definition 2.8. A 0^(/i)-module W, is called graded (resp. non-graded) highest weight 
module for {ji) (resp. {ji)) if there exist a weight vector w eW with respect to l^o®-D(resp. 
f)o) such that 

(1) . w = u{QM)-y^. (resp. w^\]{QM)-y^)- 

(2) . n+(/^).«; = 0. 

(3) . f/([)^(/i)).tt; is an irreducible module for ()^, (resp. hw = '^^{h)w, V /i G 

M/^),for we{^A{^i)y). 
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Let : C/(f)A(/i))— > ^ be a Z'^-graded homomorphism. Then A is a module for C/(f)^(//)) 
via t/j^ defined as: 

h{m)t^ = 'il)i'{h{m))t^, h{m) e ^a(//), 
ht^ = V'(^)^-, h e 1)0. 

If Image ■0'* = ^4^^ is an irreducible ^A(A*)-niodule, let n^ifj) act trivially on A^ti. Consider 
the following induced (//)-module M{ijj'^) = C/(0^(//)) (8)^7, A^m, where = ^t^'") ® ^a(/^)- 
It is easy to see that M{'^^) has a unique irreducible quotient V{'^'^). 

Let '^^ G {\)a{^^))* and let f)A(Ai) act on the one dimensional vector space C(\E'^) by 
Let act trivially on C(^^). Consider the following induced g^(/i)-module M(\l'^) = 

U{Qa{i^) ) C(^"'), where B^' = n+(/i) © i)^ (fi). Then M(^'^) has a unique irreducible 
quotient Vi^'') (see Batra, 2004, Proposition 2.1). 

With 'j/'^ as above, let \E'^ = ■ 7/^^ : ^ C, where S is the evaluation map as defined 
above. Then V{'i/'^) — V{S ■ can be made into a (graded) (//)-module by 

g{m).v{r) = {g{m.v)){m + r), for g{m) G 0^(/i) ,EL,I1^ l]\v G l^(\E'^), 
(i,(t>(r)) = riv{r), for r G Z", t; G y(^^), 1 < i < n, 

/iv(r) = (/iv)(r), for /i G f)o, r G Z", -y G \/(^''). 

Proposition 2.9. Let and £^ ■ -j/;^ be as above. Assume that A^y. = Image ip^ is an 
irreducible ()A(/i)-module. Let be the set of coset representatives for A/A^n. Let w be a 
highest weight vector of V{S ■ ip^). Then 

(1) . V{£ ■ ib^") ®A= © U(0^ (//)). w(m) at 0^(/i)-modulcs. 

(2) . For each m G G'^, U(0^(/x))w(m) is an irreducible fl^ (/i)-module. 

(3) . U(0^ (//)). w(0) isomorphic to V('0'*) as a (//)-module. 

Proof. Follows on similar fines to the proof of (Rao, 1993, Proposition 4.8) and (Rao, 1995, 
Proposition 1.8). ■ 

Lemma 2.10. Let V^^^ G /^j^ be an irreducible (/x)-module such that 

n+(/x).«; = 0, (2.1) 
/i.w = ^^(/i)w, yhei)M, (2-2) 
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where w is the highest weight vector of V^^'' and \E'^ G Then V^^'^) is isomorphic to 

a finite dimensional g-module and "^^{tjo is a dominant integral weight of g. 

Proof. V^'^'^ being an irreducible (/i)-module with finite-dimensional weight spaces, by (Ba- 
tra, 2004, Theorem 3.5), V^^^ is a module for the finite-dimensional Lie algebra 
:= g^(/i)(I), where I is a cofinite ideal in Aq = C[tf^,tf, ■ ■ ■ However under the con- 

ditions Eq ([21]) and Eq V"^'^) is a non-graded highest weight module. Consequently 

V^(m) = U{n-{fi)){I).w, where w is the highest weight vector of V^'^'^^ . Let yi,y2, ■ ■ ■ ,2/7v be 
a vector basis for the finite dimensional Lie algebra g^(/i)(I). By definition of integrability, 
yi,y2, ■ ■ ■ ,yN act as locally finite endomorphisms on V^^'^) . Hence using PBW theorem, we 
conclude V^^^ is finite dimensional. By (Batra, 2004, Theorem 3.7), a finite dimensional 0^(/i)- 
module, is isomorphic as a 0^(/u) module to the 0-module ®fL V{Xi), for A = (Ai, A2, ■ ■ ■ , Xn) 
dominant integral weights, where for each i, V{Xi) denotes the irreducible g- module with 
highest weight Aj. Since V^^^ is finite dimensional, V^^'^ is isomorphic to 0fLi ^(-^0 and hence 
the lemma. ■ 

By Lemma [2?71 and Lemma [2. 101 non-graded highest weight g^-modules and (/i)-modules 
are highest weight 0- modules of the form V (Xi) ^ ■ ■ ■ ^ V (Xn) , for Aj's dominant integral and 
hence they are finite dimensional irreducible © g modules for some positive integer N. 

N— copies 

Lemma 2.11. Let ip :U(f)^)— A be a Z*^ graded algebra homomorphism such that Image ip 
is an irreducible f)^ module and V{S -ip) is a non-trivial irreducible highest weight g^-module. 
Let r = {m G Z" I t— G A^}, where A^ = Image tp. Then F is a subgroup of Z" of rank n. 

Proof. Given A^ is an irreducible f)^ module. Since ip is an algebra homomorphism, F is 
closed under addition. Clearly, for /i G f), ip{h ® 1) = £ ■ ipiji ® 1), where £ is the evaluation 
map as defined above. But if V{£ ■■?/') is a non-trivial irreducible highest weight g^-module 
then by Lemma 12.71 {£ ■ ip)\if is dominant integral and hence there exists /i G t) such that 
ip{h (g) 1) 7^ 0. Consequently, G F. By Lemma [2751 A^ every homogeneous element of is 
invertible. Hence F is a subgroup Z*^. 

Claim: Rank F = n. 

On the contrary suppose that rank F = k< n. Then there exists a basis vector a of Z" such 
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that 



(g) Ct^[t^]) = 0, ® Ct-^[t-^]) = 0. (2.3) 

Without loss of generahty we may assume a = e„. Then it follows that in the non-graded 
0^-module V{£ ■ ip) 

8-i){\]® P{tn, t-')) = 0, for any polynomial P(t„, f-^) E C[tn, t"^]. (2.4) 

By Lemma [2.71 V{S -ip) is a. finite dimensional g^-module and there exists Lie algebra homo- 
morphism 

such that $/m(g^ ) is isomorphic to © g for some integer A^. 

N— copies 

Claim : f) (g) t„, P) » C Ker ^/j^. 

Let V{S ■ ip) be the g-module generated by the highest weight vector v. Any general ele- 
ment of V{£ ■ ip) is of the form x~^{m^ ■ ■ ■Xa^{mf^.v. We prove the claim by showing that 
^(6„)-(a;~j (zzii) ■ ■ '^aS—k)-'^) ~ ^ ^^'^ {cti}i<i<k ^ A+. This is proved by inducting on k. 

For = 1, h{ej^)x~^{m^)v = —ai{h)x~^{e^ + IRi)v, for h ei). 
Thus h{e^)x~_^{rn^)v = if and only if x~_^{e^ + mi)v = 0. 

Observe that, 

xl,XaMn+nii)-v = x-^ie^ + m^)x+^v + Sj^a'^{e^ + m^)v = 0, 

by assumption and the fact that f is a highest weight vector in V{S ■ ip). This implies that 
for a positive root ai and m_y G Z", a;~^(e„ + m^).v is a highest weight vector of Y{£ ■ ip) of 
weight less than £ ■ ip\^, which is a contradiction. Hence x~^(e„ + m^).v = 0. Thus the claim 
holds for k = 1. 

Now suppose the claim holds for all k < s — 1. 
For k = s, h{ej.{x-^{m^)---x-^{m,).v) = x-^{m^)M{e^) ■ ■ ■ x-^{m^).v - ai{h)x-^{m^ + 
^n) ' ' ' Xa,{—s)-'^- induction hypothesis the first term in the RHS is zero, hence the claim 
holds for A; = s if and only if x~_^ (m^^ + e„) ■ ■ ■ (zZls)-"^- = 0. 
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Applying x'^. to x^_^{mi + £n) ' ' ' ^asi—s)-'^- using induction hypothesis recursively we 
get, 

xt^x-^ {m + e„) ■ ■ ■ x- (m J .V. 

= Sija^ilRi + e„)x-^ (777,2) ■ ■■x-^ilRs)-V- + x-^iuki + e„)x+ ■ ■ ■ x" (mj.v. 
= ilRi + e„)x+ ■ ■ ■ X- (mj.w. 

= a;^, (mi + e„) ■ ■ ■ x+ x" (mj.7;. = x" (m^ + e„) ■ ■ ■ x" (tt^Jx+t; = 0, 

since f is a highest weight vector of V{S ■ ip). Now the same weight argument as in the case 
k = 1 shows that x~^(mi + e„) ■ ■ ■ x~_^(m^).7; . = 0. Hence the claim holds for k = s. 

Thus we get that f) (S> t„, f) ® t^"*^ C Ker But Ker is of the form g ® / for some 

ideal / of A and the smallest ideal of A containing t„ and is A itself. Thus rank F < 77, 
would imply that y{S ■ ip) is a trivial g^-module. Hence the lemma. ■ 

Proposition 2.12. Every irreducible g^(/i)-module V^^^ G is a g^(/i)-submodule of some 
irreducible g^-module V G . 

Proof. Let V{ip'^) be an irreducible g4(/i)-module, where ip^ : U(()^(/i)) — A is an algebra 
homomorphism. Then by Lemma [2. 101 V{S ■ ip^) is a finite dimensional g^(/7)-module of the 
form V{\)\= V^(Ai) ® ■ ■ ■ ® V{\n) for some positive integer N. The action of on V{\) 

is given by a surjective homomorphism 

Ai— copies 

From Lemma [2.10[ it is clear that can be extended to give a surjective map 

N —copies 

and thus give V{\) the structure of an irreducible non-graded g^-module. 

Let w be the highest weight vector of V^(A). Then by Proposition 12.61 and Proposition 12. 9[ 
U(g^)77;(0) is an irreducible g^ module and the irreducible g^(/i) module Y{ip^), is the g^(/7) 
irreducible component U(g^(/i)). 777(0) of V^(A)a. But U(g^(/7)).7y(0) C U(g^).77;(0). Hence the 
proposition. ■ 
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3 ISOMORPHISM CLASSES OF IRREDUCIBLE g^-MODULES IN / 



It had been proved in (Rao, 2004) : 

Proposition 3.1. (Rao, 2004, Proposition 3.20) Suppose Vltp) G Ifin is an irreducible highest 
weight module for g^. Then the Z" graded algebra homomorphism 1/)= ^/'(A,a):U(f)^) — > A is 
given by 

N 

^ix,a){h ® = A,(/i)t^, for hei), 

j=0 

where for each 1 < i < n, = {an, • • • , ai^-) and distinct non-zero complex numbers 

for 1 < j < Ni, aj: are as defined in 13.21 and each \j is a dominant integral weight of q. 

In this section we shall first recall the definition of the Z"-graded algebra homomorphism 
■^(A.a): f^(l)A ) ^ ^ as given in (Rao, 2004, Section 3) and then give a the isomorphism classes 
of the graded irreducible integrable g^-modules ^{ip{\,a))- 

3.2. The construction of the Z" graded algebra homomorphism ip : f/(f)^ ) A. Let n be a 
positive integer. For each i,l < i < n, let Ni be a positive integer. Let a^ = {an, ■ ■ ■ , ai^.) 
be non-zero distinct complex numbers. Let = Ni---Nn. Let / = {ii, ■ ■ ■ ,in) where 
1 < ij < Nj. For m = (mi,-- - ,m„) G Z", define aj" = 0^1 ''■'^ni"- ^'^^ ^ P^i^ (-^j f*) 
G (f)*)^ X (C^)^, define V'(A,a) :U([)^ ) ^ A by extending 

^(A,a)(/i ® t-) = A,(/i) afj t^, \fhe[),mE Z", (3.1) 

to an algebra homomorphism. Clearly ip(x,a) is a Z" graded homomorphism. From (Rao, 
2004, Lemma 3.11) it follows that the condition aij 7^ aik for 1 < j,k < Ni, j ^ k for all 
1 < z < n, is necessary to show that non-graded highest weight g^-module y{S-ip(^x^a)), is an 
irreducible © g module. Further from (Rao, 2004, Lemma 3.16), Lemma 1231 and Lemma 

N— copies 

12111 it follows that if {A^}^ 1 is a set of dominant integral weights, then ^ Vca.o) —^l^'"]' 
for some rank n subgroup F of Z". Here, C[t'"] denotes the Laurent polynomial ring in the 
variables Sj = t— % where F is a subgroup of Z" with basis {rrii, ■ ■ -Ekn}- 
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For n=l, the map V'(A,a) is of the form 

^(x,a)ih®tT) = (eIi \{h)a^^t^, yhe[),mez. (3.2) 

using the following lemma, irreducible integrable modules for the Lie algebra L{g) = g®C[t^^] 
were classified in (Chari and Pressley, 1986): 

Lemma 3.3. (Chari and Pressley, 1986, Lemma 4.4) Let ^(x,a)- U{[) ® C[t^^]) C[t^^] be 
a Z-graded algebra homomorphism as defined in Eqn (13.21) such that Image ip(x,a)= C[t^'"]. 
Then N = rs for s G Z, and there exists a primitive r^^ root of unity p, distinct non-zero 
complex numbers Ci, ■ ■ ■ ,Cs and a permutation r of {1, 2, ■ ■ ■ , N} such that 

and At-(i) = \t{2) = ■ ■ ■ = A^(r) , ■ ■ ■ , AT-(7v-r+i) = ■ ■ ■ = \t{n)- 

The following theorem generalizes the above lemma. In the theorem, prj : Z" — > Ze^ denotes 
the projection map of Z" onto the i''^ coordinate. Given a rank n subgroup F of Z", it is easy 
to see that there exists positive integers ri, r2, ■ ■ ■ , r„ such that prj(F) fl F = r{Le^. 

Theorem 3.4. Let '>\)(\,a)'- V{^a) — > A be a Z"-graded algebra homomorphism as defined in 
Eq. (13. ip . If Image '?/'(A,a)= for a rank n subgroup F of Z" with prj(F) fl F = r{Le^, 

for 1 < i < n, then rj divides A^j for 1 < i < n and Bat- = (oji, aj2, • • • , ctiArJ is a A^j-tuple of 
distinct non-zero complex numbers such that if is the r^^ root of unity then there exists li 
(li^Ni/r.) distinct elements {cn, Ci2, ■ ■ ■ , cu.} in such that 

_ 2 

(3.3) 

and the index of F in Z" divides N. Moreover, the irreducible integrable g^-module y{ip{x,a)) 
is an irreducible component of ( (8>f=i (^(Aj)®^)) (8> A, where p=[7/^ : F]. 

Proof. Since for each /c G {1, ■ ■ ■ , n}, prjt(F) fl F = r^Lek therefore, 

Nk I \ 
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Hence by Lemma [3.31 for each i G {1, ■ ■ ■ , n}, r. divides Ni and there exists distinct non-zero 
complex numbers Cji, Cj2, • • • , Cu^ such that Eq. (13.31) holds, where is the r*^ root of unity and 
li=Ni/r^. But Ni = mod r. for each 1 < i < n, implies that IliLi divides nr=i ^« ~ ^• 
Moreover, ©r.Zcj is a sub-lattice of F, therefore p = [Z" : T] divides [Z" : ©r.Zej]= ni=i'^i- 

i=l 1=1 

The second part of the theorem is proven by inducting on n, the number of variables of 
the Laurent polynomial ring C[tf ^, ■ ■ ■ , t^^]. For n=l, the proof is given by Lemma [3731 Since 
Tj divides Ni for 1 < i < n, therefore without loss of generality we may assume that Ni = Ti 
for 1 < « < n, for n>2. By standard theory, there exists a basis of F such that the 

relation matrix B=(m*)i<jj<„ of the generators with respect to the standard ordered basis 
(ci! ■ ■ ■ ) e„) is lower triangular, i.e, B is given by. 




where -Bn-i = ("^j)i<«,i<n-i is the relation matrix of the rank n — 1 subgroup F„_i = ©"J'/m*Z 
of Z"^^. Observe that for 1 < i < n, the element rjCj G F nprj(F) belongs to the Z-linear 
combination of {m^, ■ ■ ■ ,1?!*}. Hence if m* = (m^^, ■ ■ ■ , m-, 0, ■ ■ ■ ,0), then G m*Z, i.e., rj = 
mod m- for 1 < z < n. 

Owing to the relation matrix 5 of F we have, 

ip{\,a){h{q)) = if g„ ^ mod m^. 
Hence by Lemma [231 whenever = a^^"^, 

A(£i,.../„_iA)«i£i ■ ■ ■'^n-w„_i - '^(^1,- A-i,fen)«i£i ■ ■ (3.4) 

Since by Eqn (13. 3p for 1 < «„, < A^n, is a r^^ root of a scalar and r„ = mod m^, 
therefore given /„ G {1, ■ ■ ■ , iVn}, there exists distinct integers A;„ G {1, ■ ■ ■ , iV^} such that 
a^" = a^J! . Since = (a^'' )o<srf<Arrf-i is invertible for 1 < d < ni, therefore the matrix 

n-l 

Win ' ' '^^n-ii _i) = ®d=i^d is invertible. Hence for a fixed (n-l)-tuple [ii, ■ ■ ■ e Q/at^ 

there exists a subset ^(^j,... of In„ such that /„_i) | = and 
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However for a fixed G {1, ■ ■ ■ , Nn}, 

Thus by induction fiypotliesis, for a fixed G /at^, there exists [Z"^^ : r„_i]= det(i?„_i) 

n-1 

(n-l)-tuples (^1, ■ ■ ■ ,^n-i) € ©-^Afj for which A(^i,... ,£„_;^,i„)'s are equal. Therefore if Image 
^(A,a)= C[t^] then the A/.'s are equal in sets of m^.[Z"-i : r„_i] = [Z" : T]. 

M 

As a consequence, if p=[Z"' : F] then the g^-module V{£-ijj(^x,a)) is isomorphic to (S) V"(Ai)®^, 

i=l 

where = Mp and by Proposition 12. 6^ V{S ■ ip(x,a)) ® A is the direct sum of p irreducible 
0^ modules with y{4'(\,a)) as one of its irreducible components. Hence the theorem. ■ 

Let y{4'(\,a)) be an irreducible component of (®f=iV^(Aj))^. Then a highest weight vector 
of V('?/'(A,a)) is of the form v = ■ ■ ■ ^Vk® t—, where f j's are the highest weight vectors of 
V(Ai)'s for each i and t— G Image 4'(x,a)- For X G g \ f), s G Z" we have, 

k 

X{s).v = ^ afvi O ■ • • (g) X.Vi ■ ■ ■ ® ffc ® (3.5) 
1=1 

Since {X.vi (S) ■ ■ • ® f fc ® t—, ■ ■ ■ , f i ® • • ■ ® X.f j ® ■ ■ ■ f ^ ® t—, ■ ■ ■} are linearly independent 
and af y^O foil <i<N, therefore X{s).Vy^ 0, for all X G g \ (), s G Z". 

Proposition 3.5. Let (f),ip : U{i) ^ ) A he two Z" graded algebra homomorphisms such 
that = ipltf+D and A^+d = Then the g^-modules 'V{4') and V(0) are isomorphic if 
and only if Ker ip = Ker and A^ = A,^ + Sm for some m G Z" such that t— G Image V'. 

Proof. The proof is the same as in (Chari, 1986, Theorem 3.5(iv)). ■ 

Corollary 3.6. If : U{i)^ ) ^ Abe two Z" graded algebra homomorphisms such that the 
irreducible g^-modules V{ip) and V(0) are isomorphic then V{S ■ ip) is isomorphic to V{S ■ 0) 
as modules. 

Proof. The isomorphism of the g^-modules V{iIj) and V{(j)) induces an isomorphism of the 
g^-modules V{S ■ ^) and V{S ■ 0), say, / : V(^ ■ V^) ^ Y{S ■ 0). 



15 



By Lemma [2.71 Y{£ ■ ip) and V{S ■ 0) are finite dimensional g-modules. 
Since / is a g^-module isomorphism, 

Xa{0) f{w) = f{x^{0)w). for ^ w G and x« G 0. (3.6) 

Identifying g 1 with g via the map Xa(0) t-^ Xa, we thus see that the map / induces a 
g-module isomorphism between V{S ■ ip) and V{S ■ (p). ■ 

3.7. Recall from (Rajan, 2004, Theorem 1) that two g modules ®fLiV(Ai) and 
are isomorphic if and only if k = p and V{Xi) ^ V{ujT-(^j^) for some permutation r of J^. 
Thus given (A,a)G (f)*)^ x (C^)^ and (^,b)G (r)"^' x (C-)^', if V(^(;,,„)) and V(^(^,„)) 
are isomorphic g^ modules, then by Proposition 13.51 Corollary 13.61 and Theorem 13.41 N = N', 
A = ^T- for some permutation r of {1, ■ ■ ■ , A^}, suitably chosen in view of Theorem 13.41 

Since Kernel ip(x,a)= Kernel ip{^,b), there exists a Z"-graded isomorphism from Image V'CA.a) 
to Image 4'{^,b)- Hence if Image V'(A,a)= C[t^] then Image 4'{^,b)= C[t^] for T a subgroup of 
Z". Let pri{T) n F = riZe^, for 1 < z < n. For /i G P) and s G Z+, 

i^ihi^sriCj)) 7^ if and only if (piji^sr iC^)) ^ 0. 

Hence if / : V" (■?/') — 1^(0) is a g^-module isomorphism and v is the highest weight vector in 
V{tp), then 

h{sriei}.f{v) = f{h{srie^.v), (3.7) 

i=i i=i 

But A = for some permutation r of {1, ■ ■ ■ , A^}, therefore Eqn (13.81) is satisfied if for each 
2 G {1, ■ ■ ■ ,n}, there exists Si G C such that (6^1, ■ ■ ■ ,biN,) = Si.{air,xi),- ,a,,^^M^^)- 

Notation: Given y{'ip(x,a)) ^ I fin , if di.v^ = qi. vu. for all 1 < i < n, then we shall 
denote the corresponding highest weight irreducible module by V(^/'(A,a)5 o)- By convention 
we refer to V(V'(A,a), 0) as V(V^(A,a))- 

With the above notations, it follows from discussion 13.71 that: 
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Theorem 3.8. Given (A, a) G (f)*)^ x (C^)^ and b) G ([)*)^° x (C^)^«, where N = 
Ni---Nr, and iVo = ■ ■ ■ and e=(f?i,--- <?=fe, ■ ■ ■ , ^n) e , V(^(A,a), is 

isomorphic to V('?/^(^,5), <?) as a g^-module if 

1. Ni = A^f for each 1 < i < n and consequently N = Nq ; 

2. For each 1 < i < n there exists permutations Tj of {1, ■ ■ ■ , N^} such that 

(a) = ^(n(ii),-,T„(i„)) ; 

(b) (foil, • ■ ■ , 6jArJ = Si.(ai^^(i),...,a^^^(^^j), for some Sj G C for 1 < i < n. 

3. There exists m G F such that ■ ■ ■ , ^?n)+ZZl = ("^i? " " " ,^n), where F is the subgroup 
of such that Image ip(\,a) = C[t^] = Image 4'(^,b)- 

4 ISOMORPHISM CLASSES OF IRREDUCIBLE MODULES IN 

In this section we shall give the isomorphism classes of the irreducible (/i) modules in I^-^ . 
By Proposition 12.121 Proposition 13.11 and Proposition 12.91 every irreducible g^(/i)-module in 
is a submodule of'V{£-ip(x^a))A, for some Z" graded algebra homomorphism ip{x,a)- 

Since by (Rao, 2004), action of on the finite dimensional module V(£^-'?/'(A,a)) is given by 
the surjective Lie algebra homomorphism 

'^'(a) : 0A ©N-copies0 ,^ 

therefore action of 0^(/i) on V (£'■'?/'( A,a)) is given by the restriction map $(a, /i) = $(a)|g^(^) . 
It has been proved in (Batra, 2004): 

Proposition 4.1. (Batra, 2004, Proposition 2.2) : Let V($(a)) be a finite dimensional irre- 
ducible 0^ module on which 0^ acts via the map $(a) as defined in Eq. (14. ip . Then V($(a)) 
is irreducible as a 0^(yu) module if for each z G {1, ■ ■ ■ , n}, = {an, ■ ■ ■ , ansfj is a A^j-tuple of 
distinct non-zero complex numbers and a^j 7^ afj for I < i, j < Ni, or equivalently if Image 
$(a) = Image $(a,/x) = ®N-copiesQ- 
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Remark 4.2. Suppose ®N-copiesQ — Image $(a) 7^ Image $(a, yu). Then Image $(a, /i) ^ 
©AT-copiesfl for some integer A/" < A^. An irreducible ®N-copies& niodule V($(a))(= V(£^-^/'(A,a))) 
is completely reducible as a (Bj\f— 

copiesQ module, for Af < N. Therefore any finite-dimensional 
irreducible 0^ module is completely reducible as a 0^(/i)-module under the restricted action. 

4.3. Let Image $(a) =Image $(a, yu). Let the irreducible (/i)-submodule of V($(a, be 
denoted by V(V'(A,a,M)) where ip(x,a,,j.)-= i'(\,a)i ■ U{i)^{fi)) A, denotes the restriction 

map. Clearly, 

'^(A,a)|(,cg,c[t±,...,t±] = '^(A,a,M)|(,g,c[t±,...,t±]- 

If {m^, ■ ■ ■ , m"} is a linearly independent set in Z" such that Image ip(x,a)= C[t^— 1, ■ ■ ■ , t^— 
and Image V'(A,a)|(,0C[t^ ■■■ t^] ~ 1, ■ ■ ■ , t^— "-i],then the set ■ ■ ■ ,m"~^} can be suit- 

ably extended to form a basis of V^, where = {t— G A, t— G Image ip (\,a,tj,)} ■ 

If V('?/'(A,a,/i)) is a non-trivial irreducible 0^(/i)-module, then y{S-4'(x,a,ti)) is a non-trivial 
0^ (yu)-module by Proposition 12.91 Hence the same proof as Lemma 12.111 shows that is a 
rank n subgroup of Z". Let {rn}, ■ ■ ■ , m"~^,m} be a basis of such that the relation matrix 

Qf with respect to the ordered base (62, ■ ■ ■ , e„, e^) is lower triangular. 

Theorem 4.4. Let order of fi be k. Assume that for i G {1, ■ ■ ■ , n}, = {an, ■ ■ ■ , ajAr.) is a 
A^j-tuple of distinct non-zero complex numbers, af^ 7^ afj for 1 < i, j < Ni and for 1 < j < A^, 
Xj.^s are dominant integral weights. Suppose that Image V^(A,a)|(,(g,c[t±,...,t±] = C[t^""i] and 
m = miCa + ■ ■ ■ + ^7i„_ie„ -|- m„e^ G Z" is such that Image i'(\,a,tj,)= C[t^'^] = C[t^""^, t^— ]. 
Then: 

1. If /i(A/^.) 7^ A/^. for some j G {1, ■ ■ ■ , A^}, V(^/'(A,a,/i)) is an irreducible g^(/i)-submodule 

of {®UiiV{XiTn)A, where p =[Z"-i : F„_i]. 

2. If fi{\ij) = for all j G {1, ■ ■ ■ , A^}, V('?/'(A,a,/i)) is an irreducible (/i)-submodule of 

(®ii(^(A/J®^))A, where q =[Z"-i : F„_i]m„/A:. 

Remark. With respect to the ordered basis (62, • • • ,e^,e^) of Z" let m = (rfii, ■ ■ ■ ,rhn). If 
we prove that in case (1) m„ = 1 and in case (2) m„ = ks for some positive integer s, then 
the desired result will follow by the same calculations as done in Theorem 13.41 
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Proof. For m G Z", if m = (m2, ■ ■ ■ , m„, mi) with respect to the ordered basis {62, ■ ■ ■ , e^, e^} 
of Z", then, 

N 

E ■ ■ ■ = 0' if ^1 ^ mod m„ . (4.2) 

Since = {an, ■ ■ ■ , ajAr.) are non-zero distinct complex numbers for each 2 < i < n, the matrix 
M =('^2^2 ■ ■ ■ '^™i^)o<m2<Af2-i;- - ;0<m„<Af„-i being the tensor product of the invertible matrices 

l<i2<]V2;- - ;l<i„<iV„ 

= {.'\i)o<m^<Nk-i for 2 < k < n, is invertible (see Batra, 2004). Hence by Eq. (14.21) we 

get, 

Z.n=i^(H.2....,i)"in ^' ifmi^Omodm,. (4.3) 



il = l^(ij,]V2,---,iVn) In 

Since a^j 7^ a^^- for 1 < i, j < Ni, therefore applying (Chari and Pressley, 1988, Proposition 
4.2), in each of the above equations we conclude that: 

(1) . rhn = 1, if /u(A/j.) 7^ A/j. for some for some j G {1, ■ ■ ■ ,A^}. Then with notations 
as above, [Z" : F^] = [Z"~^ : F„_i]m„. Hence by above remark V('?/'(A,a,M)) is an irreducible 
0^(/i)-submodule of {®Ui{V{XiJ^p))a, where p =[Z"-i : F„_i]. 

(2) . rhi = ks, for some s > 1 if fJ^iXi^) = Xi^ for all j G {1, • ■ ■ , A^}- Moreover from Eq. 
(14.31) it follows that for a fixed (n — l)— tuple of integers I={i2, is, - ■ ■ , in) where I < ik for 
2 < k < n, X(- J) are equal in groups of s and the corresponding proportional to the s* 
roots of unity. Now from Proposition 12.91 and a similar set of calculations as done in Theorem 
13.41 it follows that V('?/'(A,a,/j,)) is an irreducible g^(/i)-submodule of (®i=i(V^(A/J'^'^))A, where 
q =[Z"~^ : F„_i]s, for s = rhn/k. ■ 

4.5. An irreducible g^(/i)-module y{i'{\,a,fi)) shall be referred to as: 

• highest weight 0^(/i)-modules of first type if /i(A/J 7^ Xj. for some for some j G {1, ■ ■ ■ , A^}. 

• highest weight (/i) -modules of second type if fi{Xi.) = Xj- for all j G {1, ■ ■ ■ , A^}. 

Proposition 4.6. Let $(a), $(a, /x) and 4'ix,a) be maps as defined above. 

1. If Image $(a) = Image $(a, /x) then V('?/'(A,a)) is completely reducible as a g^(/u) module. 
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2. If Image $(a) 7^ Image $(a, /i) then V('?/'(A,a,)) is completely reducible as a module 
if and only if Image V'(A,a) = A. 

Proof. To prove (1), observe that by Proposition 12.121 and Proposition 14.11 V(£^-'?/'(A,a)) = 
V(£^-^(A,a,/x)) under the given conditions. Thus from Proposition 12.61 and Proposition 12.91 it 
follows that, 

V(^(A,a))= © U(0^(/i)).a;U), 

sGCnr 

where uj is the highest weight vector of the irreducible 0^(/i) module Y {£ -ip (^\^a,^JL)) and given 
Image 1|J{\,a,^l)= C[t^^], is the set of coset representatives of in Z". 

Proof of (2). Let Image $(a) = © g and Image $(a,/i) = © S, with N ^ M. 

N —copies M— copies 

Then by Remark 14.21 

n^-^(A,a)) = .©^(^-^(^WAm))' 



i=l 



where ^{i) = ^ije , b E (Cx^ and E?=i < E7=i A, for each 1 < ^ < 

Let Image ip(^(i),b,tj,)= for 1 < i < A;. Then 

(V(^-^(A,a)))A= © f f/(0,(/i)).a;.U,. 

where G(Ai) denotes the set of coset representatives of Aj in Z" and uJi is the highest weight 
vector of V{S-ilj(^(i),b,fj.)), for 1 < i < k. Consider s E h such that Yl^=i^sj < ^f=i^j- Then 



l^s 



^c,,„„,^^^;,^ © ... © 



where weight of the each summand is Xljli ^sj- However there exists a summand w^_^®...®w^^ 
of Us such that w^^ G {fi, ■ ■ ■ ,fjv} for some I <£ < A/" but .., w^^} 7^ {wi,-- - 

where fj's are the highest weight vectors of \^(Aj)'s. In that case it follows from the proof of 
(Chari and Pressley, 1986, Proposition 1.2), that if f = f 1 © ■ ■ ■ © f at and Image ip(x,a)7^ A 
then Us need not be contained in U(g^)f though \]{q^)v fl y{S-ip(^(s),b,ti))A 7^ 0- Hence the 
proposition. ■ 

Notation. Given A G f)*, let A* = A|[,, for i = 0, 1 if A; = 2 (resp. i = 0, 1, 2 if A; = 3). 
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4.7. Given (A,a)G (f)*)^ x (C^)^ and i^,b)e (t)*)^' x (C^)^', such that Image $(a) = 
Image $(a, /i) and Image $(b) = Image $(b,/i), the same proof as Proposition 13.51 shows 
that, y{4'{x,a,fj,)) and V{'ip(^,b,n)) are isomorphic g^(/i) modules if and only if 

• Ker V(A,a,M)= Ker ; 

• V'(A,a,M)|(f,o+D) = V'(C,b,M)l(fio+£i) + for some m G such that t— G Image 

V'(A,a,At)- 

As a consequence of Proposition 12.91 and Lemma 12.101 it then follows from a similar proof 
as Corollary 13.61 that if y{4'(x,a,tj,)) and V('?/'(^,b,/x)) are isomorphic as 0^(/u) modules then 
y{S-ip(x^a,fj,)) is isomorphic to y{S-ip(^^b,ti)) as modules. Consequently, by (Rajan, 2004, 
Theorem 1), N = N' and X=^r, for some r in the permutation group of 1^ suitably chosen in 
view of Theorem 14.41 and Image ip(\,a,fj,) = 'C[t^''] = Image ip(^,b,fj,) for some rank n subgroup 
V of Z". 

Let Ao = C[tf^,tf, ■ ■ ■ ,tt]. Since C[4, • • • C Aq, if Image V'(A,a,M)l([,55C[4, ...,t^])(/.) = 
Clf^-^] then e Ao for all m G r;;_i. 

With notation as in Proposition 13.81 we prove the following theorem: 

Theorem 4.8. Let 'V{ip{\,a,fj.), q) and y{4'{^,b,ti), <?) be two irreducible 0^(/i)-modules in I'^-^ 
such that Image $(a) = Image $(a, /i) and Image $(b) = Image $(b, yu). Then they are 
isomorphic if: 

1. Both are of the same type, (see 14.51) 

2. If both are of the first type then for each 1 < i < n there exists permutations Xj of 
{1, ■ ■ ■ , Ni} such that 

(a) (bii, ■ ■ ■ , biNi) = pj.(ajr,(i),-,a,,^(jv,)) for 2 < i < n and 

where e is a A;*^ root of unity and G for 1 < i < n. 

(b) = ^(n{n),-,r„(*„)) and = ^"'Aj^.Cn),- ,r„(^„)) i^oi i=l when k=2 and 
i=l,2 when k=3) whenever bu^ = £:piaiT-i{ji), where e is a /c*^ root of unity . 
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3. If both are of the second type then for all 1 < i < n, A^i = and there exists 
permutations Tj of {1, ■ ■ ■ , A^j} such that 

(b) {bil, ■ ■ ■ , biNj = pi.(aj^^(i), ■ ■ ■ , air^(N,)) for 2 < i < n and 

(bii, ■ ■ ■ , &?7Vi)= ■ ■ ■ ' «ir.(ivo)' i-^-' ^^^^ 1 < « < iVi, &ii = epiairi(i)) 

where e is a fc*^ root of unity and G for 1 < z < n. 

4. There exists m G such that {qi, - ■ ■ , ^„)+m = (<ji, ■ ■ ■ , <j„). where F'^ is a rank n 
subgroup of Z" such that Image ip {x,a,fj.)=C[t^'']= Image ip{^,b,ti)- 

Proof. (1). Let V {'ip (x,a,fj,)) and 'V{4'(^,b,tJ,)) be irreducible Q^{fi) modules of first and second 
type respectively. We consider the case when k=2. The case k=3, can be proved similarly. 

For k=2, note that by 14. 3[ there exists /i G f)i such that 

^(A,a,M)(^ ® tit-) ^ 0, for some G Aq. 
But ip(^,b,fj.)\t)»Ai = 0. Hence Ker ip(x,a,^)^ Ker i'(^,b,,x)- Hence (1). 

(2). Let y{ip(\,a,tj.)) and y{ip(^,b,tj,)) be isomorphic irreducible modules of first type. 

Since g^{fi)= ®il^{gi ^t\Ao), for k=2,3, where go is a simple finite dimensional Lie algebra, 
the g^(/x)-modules V {ip (\,a,fj.)) and V {'ip (^,b,fj,)) are also isomorphic as modules for the multi- 
loop Lie algebra Qq <S) Aq. Consequently, by Theorem 13. 8[ A^, = A^^' for each 1 < i < n and 
there exists permutations Xj of {1, ■ ■ ■ ,Ni} such that 

'^{h,--- ,i„) ^(Ti(n),---,T„(i„))' 

{bil, ■ ■ ■ ,biNj = pi.{air,(i),-,a,,^^j^^-,), for 2<i<n, 

(bli, ■■■ , fe?7Vi) = ■ ■ ■ ' «?T,{JV,))' ^^6^6 Pi G CMor 1 < z < n. 

Since = pic^lriii)^ therefore bu = ±y^|)iaiT-j(j) for each 1 < i < Ni. But we have seen 
that A=^T-, for some r in the permutation group of 1^, hence there exists permutations Tj of 
{1, ■ ■ ■ , Ni} such that ..,»„) = X{Tiih),- ,r„{ir.))- However, for h G j 7^ 0, and G Aq, 
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Hence for k=2, ^(ii,.. ,i„) = A(^,(,,),... ,^„(i„)), Cfi,,... = >^U{h),- "^^^^^ ^ permutation 

of {1, • • • , Ni} ior 1 < i < n, and bn — ±y^aiT-i(i) for each 1 < i < A^i imply: 

^{h,-,in) = ±^{ri{n),-,r„(in))' whenever 6^, = ±piai^,(,,). 
Hence (2) holds for k — 2. The case k=3, can be proved similarly. 

(3) . Let y{ip(\,a,tj,)) and V {ip (^,b,fj.)) be two isomorphic irreducible 0^(/x)modules of the second 
type. Suppose that Image ip (\,a,fj,)= C[t^''] = Image il^{^,b,y.)- Then from 4.3 it is clear that 
for all m e F'^, t— & Aq. Hence by the same analysis as above (3) can be proved. 

(4) is clear. ■ 
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